
The `Lorenz' grid 
omputational mode:impli
ations for transparent boundary
onditions and verti
al two grid noise.A M
DonaldMet �Eireann, Dublin, Ireland.
Corresponding author address:Aidan M
Donald, Met �Eireann, Glasnevin Hill, Dublin 9, Ireland.E-mail: aidan.m
donald�met.ie

ABSTRACTUsing the Lorenz grid to dis
retize in the verti
al 
reates diÆ
ulties for data analysis,initialization, numeri
al weather predi
tion and transparent boundary 
onditions. An al-ternative dis
retization is proposed, and some of its impli
ations for transparent boundary
onditions and numeri
al weather predi
tion are examined.



1. Introdu
tion.A problem arises with the `Lorenz' (1960) verti
al dis
retization s
heme if one needsto regenerate the temperature (T ) and surfa
e pressure (ps) �elds from the geopoten-tial height (�) �elds: the equation relating them is under determined. In the past thisproblem has surfa
ed in data analysis, initialization, and numeri
al weather predi
tion.Conventionally, an ad-ho
 additional 
ondition, whi
h is physi
ally reasonable, is invokedto over
ome this obsta
le. For example, Hoskins and Simmons (1975), in integrating theirglobal spe
tral semi-impli
it model, 
hose ps su
h that the amplitude of the verti
al twogrid stru
ture in T is minimised. See also `step 
' on page 108 of Daley (1979) for his phys-i
al assumption, made in the 
ontext of normal mode initialization. More re
ently, it hasbeen an obsta
le to the development of transparent boundary 
onditions; see M
Donald(2006).Hollingsworth (1995) examined this problem and suggested using a Charney-Phillips(1953) verti
al dis
retization s
heme instead. Although this eliminates the diÆ
ulty itis unattra
tive to Lorenz grid users be
ause it involves a 
omplete re-
oding of the dy-nami
al equations of motion. The purpose of this note is to show that the undeterminedrelationship between T; ps and � 
hara
teristi
 of the Lorenz grid 
an be eliminated bymaking a minor 
hange to the Lorenz s
heme. In 
ontrast to the major re-
oding re-quired for a swit
h to the Charney-Phillips grid, only minor 
ode 
hanges are needed forits implementation.An additional, related, aspe
t of the Lorenz dis
retization is that the equations ofmotion support a spurious 
omputational mode; see Hollingsworth (1995) for a dis
ussion.He makes the point that its presen
e 
ould lead to the growth of a verti
al two grid wavein the temperature �eld whi
h, in turn, 
ould 
ause spurious 
onve
tion and rainfall.In se
tion 2 the � model equations are solved in two dimensions (x � �) using theLorenz dis
retization in the verti
al. The purpose is two-fold. First, to illustrate thesetwo problems asso
iated with the Lorenz grid. Se
ond, to 
ontrast their solution (a) on a`tweaked' the Lorenz grid, and (b) on the Charney-Phillips grid.In se
tion 3 it is demonstrated that re
onstru
tion of T and lnps from � is essential1



for building transparent boundary 
onditions, whi
h ex
ludes using the Lorenz grid. It isshown how the `tweaked Lorenz' grid over
omes this impasse. In se
tion 4 is shown howto program the HIRLAM dynami
s using the `tweaked Lorenz' grid and a demonstrationfore
ast is performed.Eliminating the spurious mode raises the possibility of redu
ing verti
al two gridnoise. Se
tion 5 
ontains a dis
ussion of this issue along with an additional suggestion foraddressing this problem.2. The sigma model2.1 The equations of motionThe linearized invis
id hydrostati
 primitive equations in � 
o-ordinates (Phillips,1957) 
an be written as follows. dudt + �G�x � fv = 0; (2:1:1)dvdt + �G�y + fu = 0; (2:1:2)dlnpsdt +D + � _��� = 0; (2:1:3)dTdt � RT 0Cp �dlnpsdt + _��� = 0; (2:1:4)���� + RT� = 0; (2:1:5)where G = �+RT 0lnps; D = �u�x + �v�y ; (2:1:6)and ddt = ��t + u0 ��x + v0 ��y : (2:1:7)In these equations � = p=ps where p is the pressure and ps is the surfa
e pressure. Atthe surfa
e � = 1 by de�nition. The top of the atmosphere is at � = �T . The horizontalvelo
ities in the easterly and northerly dire
tions are u and v, respe
tively, � is thegeopotential height, T is the temperature and _� is the verti
al velo
ity. The temperatureT 0 is 
onstant, R = 287.04 J kg�1K�1 is the gas 
onstant for dry air, and Cp = 1004.64J kg�1K�1 is its spe
i�
 heat at 
onstant pressure; u0 and v0 are 
onstants.2



At the top and bottom of the atmosphere the verti
al velo
ities are assumed to bezero: _�(�T ) = 0; _�(1) = 0: (2:1:8)2.2 Verti
al dis
retizationDis
retizing in the verti
al using the Lorenz-grid, see table 1, gives for eqs. (2.1.1)-(2.1.5) dumdt + �Gm�x � fvm = 0; (2:2:1)dvmdt + �Gm�y + fum = 0; (2:2:2)dlnpsdt +Dm + _�m+ 12 � _�m� 12��m = 0; (2:2:3)dTmdt � RT 02Cp�m��m+ 12 dlnpsdt + _�m+ 12 + �m� 12 dlnpsdt + _�m� 12� = 0; (2:2:4)�m+ 12 � �m� 12��m + RTm�m = 0; (2:2:5)where m = 1;M and, by de�nition�m = (�m+ 12 + �m� 12 )=2; ��m = �m+ 12 � �m� 12 : (2:2:6)Summing eq. (2.2.3) from top to bottom and using eq. (2.1.8) yieldsdlnpsdt = � 1(1� �T ) MXj=1��jDj � ��:D: (2:2:7)A partial sum of eq. (2.2.3) from the top down, using eqs. (2.1.8) and (2.2.7) yields_�m+ 12 = ��m+ 12 � �T1� �T � MXj=1��jDj � mXj=1��jDj; (2:2:8)whi
h, when 
ombined with eq. (2.2.7) and substituted in eq. (2.2.4), givesdTmdt = � RT 0Cp�m� �T1� �T MXj=1��jDj + ��m2 Dm + m�1Xj=1 ��jDj� � �(�D)m: (2:2:9)Lastly, summing eq. (2.2.5) from the bottom up and using eq. (2.1.6) givesGm = �M+ 12 +RT 0lnps +R���m2�m Tm + MXj=m+1 ��j�j Tj� = �M+ 12 +RT 0lnps + (
T )m:(2:2:10)3



2.3 Solution of the verti
ally dis
retized equationsSubstituting  m(x; y; t) =  ̂mexp[i(kx + ly � !t)℄ (2:3:1)for ea
h of the �elds u; v; T;G and lnps(x; y; t) = l̂ exp[i(kx + ly � !t)℄ in eqs. (2.2.1),(2.2.2), (2.2.9), (2.2.7) and (2.2.10) gives, in the absen
e of orography,�i
ûm + ikĜm � f v̂m = 0; (2:3:2)�i
v̂m + ilĜm + fûm = 0; (2:3:3)�
T̂m + MXj=1 �m;j(kûj + lv̂j) = 0; (2:3:4)�
l̂ + MXj=1 �m;j(kûj + lv̂j) = 0; (2:3:5)Ĝm = RT 0 l̂ + MXj=1 
m;jT̂j; (2:3:6)where �
 = �! + ku0 + lv0. Combining eqs. (2.3.2) and (2.3.3) givesûm = k
 + ilf
2 � f 2 Ĝm; v̂m = l
� ikf
2 � f 2 Ĝm; (2:3:7)whi
h when substituted in eqs. (2.3.4) and (2.3.5) 
ombined with eq. (2.3.6), gives thefollowing well-known result:
[(
2 � f 2)I� (k2 + l2)M℄Ĝ = 0; (2:3:8)where M = RT 0�:+ 
� : (2:3:9)If there exists a matrix E, whi
h diagonalises M and those diagonal elements are 
alled�j, then eq. (2.3.8) 
an be re-written as
[(
2 � f 2)� (k2 + l2)�j℄(E�1Ĝ)j = 0; (2:3:10)whi
h has 2M `gravity wave solutions' for whi
h 
 is given by
j� = �q(k2 + l2)�j + f 2; (2:3:11)4



and M `slow' or `adve
tion' solutions for whi
h 
ja = 0. For the gravity waves there is noproblem: for instan
e, the solution asso
iated with 
j+ is Ĝj+mexp[i(kx + ly � !j+t)℄ andthe asso
iated û; v̂; T̂ and l̂ follow from eqs. (2.3.7), (2.3.4) and (2.3.5), respe
tively.On the other hand, there is a problem with the adve
tive solution. Given the solutionĜjamexp[i(kx+ ly�!jat)℄, û and v̂ follow from eq. (2.3.7), but be
ause 
ja = 0; eqs. (2.3.4)and (2.3.5) yield no information about T̂ or l̂. There remains eq. (2.3.6), whi
h 
an beinverted to give T̂m +RT 0l̂(
�1I )m = (
�1Ĝ )m: (2:3:12)This is under determined: given M values of Ĝ, it is not possible to extra
t M + 1quantities: l̂, plus M values of T̂m.Thus, the system of equations (2.3.2)-(2.3.6) supports an adve
tive solution whi
h
ould, for example, have physi
ally reasonable values of Ĝ; û; v̂ and physi
ally ridi
ulousvalues of T̂ and l̂ su
h that eq. (2.3.12) was still satis�ed. This is a well-known problemasso
iated with this verti
al dis
retization and, as was mentioned in the introdu
tion, anadditional ad-ho
 assumption is needed to solve eq. (2.3.12).2.4 Elimination of the spurious mode: Lorenz grid tweaked.The purpose of this se
tion is to des
ribe a method of eliminating the spurious
omputational mode des
ribed in se
tion 2.3 without proposing a full re-
oding of thedynami
s. In fa
t, as will be seen, all that is required is a rede�nition of the matrix 
and a single row of the matrix � This is a

omplished by repla
ing eqs. (2.2.4) and(2.2.5) withdTmdt � RT 02Cp�m��m+ 12 dlnpsdt + _�m+ 12 + �m� 12 dlnpsdt + _�m� 12� = 0; m = 1;M ; m 6= K;(2:4:1)�m+ 12 � �m� 12��m + RTm�m = 0 : m = 1;M ; m 6= K (2:4:2)and �K+ 12 � �K� 12��K + R(TK+1 + TK�1)2�K = 0: (2:4:3)Noti
e there is no temperature �eld TK . The logi
 is that the relationship formerly givenby eq. (2.2.10) will now have M �elds on the right hand side of the equation instead of5



M + 1. The dropped level, K, 
an be any ex
ept levels 1 or M . Either of these 
ould, of
ourse, be dropped provided an extrapolation is used to 
ompute the temperature T1 orTM in the equivalent of eq. (2.4.3).The result of these 
hanges is that Gm, instead of being de�ned by eq. (2.2.10) isnow de�ned by Gm = �M+ 12 +RT 0lnps + (
T )m; (2:4:4)where Tm = Tm m 6= K; TK = (TK+1 + TK�1)=2: (2:4:5)It is useful to get eq. (2.4.4) into M �M matrix format. To do so, noti
e that sin
e thetemperature at level K is given by eq. (2.4.5), the ve
tor element TK is available to bede�ned as TK = T 0lnps: (2:4:6)For reasons that will be
ome obvious writeTK = (TK+1 � 2TK + TK�1)=2 + TK : (2:4:7)Then eq. (2.4.4) be
omesG = �M+ 12 I+RTKI+ 
T + 
(T � T )= �M+ 12 I+ 
KT+ 
T + 
rKT : (2:4:8)Sin
e Tm�Tm = 0 for allm 6= K, and from eq. (2.4.7), TK�TK = (TK+1�2TK+TK�1)=2,rK is a matrix whose elements are all zero ex
ept rKK;K�1 = 0:5; rKK;K = 1 and rKK;K+1 = 0:5.Also, 
K is a matrix whose 
olumns are all zero ex
ept for 
olumnK, all of whose elementsequals R. Thus the relationship between G;T and lnps is in an invertible form:Gm = �M+ 12 + (�
T )m; �
 = 
 + 
rK + 
K: (2:4:9)The temperature evolution equation 
an also be returned to square matrix form by takingd=dt of eq. (2.4.6) and substituting eq. (2.2.7):dTKdt = �T 0�:D; (2:4:10)6



whi
h means that dTmdt = �(��D)m; m = 1;M; (2:4:11)where �� is de�ned by the relationships(��D)K = T 0(�:D); (��D)m = (�D)m; m = 1;M ; m 6= K: (2:4:12)2.5 Impli
ations of the `tweaked Lorenz' grid.The major impli
ation is that, given G, then T and lnps are uniquely de�ned viaeqs. (2.4.9) and (2.4.6). By inferen
e, the spurious mode is eliminated. This 
an be seenby substituting the solution eq. (2.3.1) in eqs. (2.4.11) and (2.4.9) with 
at orography,resulting in �
T̂m + MXj=1 ��m;j(kûj + lv̂j) = 0 (2:3:4a)and Ĝm = MXj=1 �
m;jT̂j: (2:3:6a)The derivation pro
eeds as in se
tion 2.3, and the result is again given by eq. (2.3.8) withM now de�ned by M = �
�� : (2:3:9a)As in se
tion 2.3, there are still 2�M gravity waves, but now there is no problem withthe adve
tive solutions: there areM of them only. Now, given the solution Ĝjamexp[i(kx+ly�!jat)℄, û and v̂ follow from eq. (2.3.7), but importantly, in 
ontrast to eq. (2.3.6), eq.(2.3.6a) 
an be inverted to give T̂m; m = 1;M . From that and eq. (2.4.6), l̂ = T̂K=T 0follows: there is no spurious solution.The other impli
ations of the `tweaked Lorenz' grid are that the eigenvalues andeigenve
tors of M will be di�erent. Are they degraded by the pro
edure? For example,with ten equally spa
ed � levels and with �T = 0:001 and T 0 = 250K, the 
hange inthe gravity wave speeds, 
k = p�k 
an be seen in table 2. The values of K are thosewhi
h have the largest (K = 8) and smallest (K = 2) and an in-between (K = 5) valueof 
10. As 
an be seen, there is good agreement for 
1; 
2; and 
3. However, 
4(K = 2)7



di�ers from 
4(K = 8) by approximately 5%. Is this signi�
ant? Almost 
ertainly notbe
ause already the asso
iated eigenve
tor is seriously in error for both the Lorenz and the`tweaked Lorenz' grids; see �g. 1. Pro
eeding from 
5 to 
10 the the asso
iated eigenve
torsbe
ome progressively less a

urate, and, in fa
t, for the eigenve
tor asso
iated with 
10the only 
orresponden
e between the 
oarse and �ne mesh is the fa
t that ea
h has ninenodes; see �g. 2.mode 
(Lor) 
(K = 2) 
(K = 5) 
(K = 8)1 312.22 312.20 312.25 312.232 163.14 163.14 163.22 163.133 78.08 77.99 77.86 78.114 43.73 41.72 43.09 43.685 27.43 24.75 26.87 27.006 18.21 15.76 17.48 17.547 12.33 10.25 10.27 12.268 8.23 6.44 7.97 7.709 5.11 3.49 4.68 3.3710 2.54 0.90 1.30 2.54TABLE 2. The gravity wave speeds for the a 10 level model with ten equally spa
ed �levels and with �T = 0:001 and T 0 = 250K. Those for the Lorenz grid are in 
olumn2, and those for the `tweaked Lorenz' grid with K = 2; 5; 8 are in 
olumns 3, 4 and 5,respe
tively.2.6 Elimination of the spurious mode: Charney-Phillips grid.Hollingsworth (1995) eliminated the spurious mode using the Charney-Phillips grid.The purpose of this se
tion is to brie
y dis
uss that option. For that grid, see table 1, theu; v and lnps equations are as in eqs. (2.2.1)-(2.2.3). The temperature equation is nowdTm+ 12dt � RT 0Cp�m+ 12 ��m+ 12 dlnpsdt + _�m+ 12� = 0; m = 1;M � 1; (2:6:1)8



whi
h be
omes, using eqs. (2.2.7) and (2.2.8),dTm+ 12dt = � RT 0Cp�m+ 12 � �T1� �T MXj=1��jDj + mXj=1��jDj� m = 1;M � 1: (2:6:2)On this grid the hydrostati
 equation be
omes�m+ 32 � �m� 12�m+ 32 � �m� 12 + RTm+ 12�m+ 12 = 0; m = 1;M � 1: (2:6:3)Be
ause there are onlyM �1 equations here, and be
ause only one of the M +1 values of�m is known (�M+ 12 ) and additional equation is required. Thus, just as in the `tweakedLorenz' grid of se
tion 2.4 it is ne
essary to introdu
e an alternative approximation for thehydrostati
 equation at one of the levels. Hollingsworth (1995) assumed that the lowestlayer was isothermal, whi
h is equivalent to�M+ 12 � �M� 12�M+ 12 � �M� 12 + RTM� 12�M = 0; (2:6:4)that is, a zero order extrapolation of TM� 12 to level M . See also se
tion 4 of Davies et al.(2005).Summing eqs. (2.6.4) and (2.6.3) from the bottom up using Gm de�ned by eqs.(2.1.6) and (2.2.6) givesGm = �M+ 12 +R�T 0lnps + ��M2�M TM� 12 + MXj=m+1 ��j� 12�j� 12 Tj� 12� (2:6:5)where ��j� 12 = (�j+ 12 � �j� 32 )=2 (2:6:6)If the ve
tor elements T 
m are de�ned asT 
M = T 0lnps; T 
m = Tm+ 12 ; m = 1;M � 1; (2:6:7)then eq. (2.6.5) 
an be written asGm = �M+ 12 + (

T 
)m; (2:6:8)where 

 is an M �M matrix de�ned by eqs. (2.6.5)-(2.6.8). Also, the time evolution ofT 
 is given by dT 
mdt = �(� 
D)m; m = 1;M: (2:6:9)9



where � 
 is an M �M matrix for whi
h � 
M is de�ned by eqs. (2.6.7) and (2.2.7) and � 
mis de�ned by eqs. (2.6.7) and (2.6.2) for m = 1;M � 1.2.7 Dis
ussionThus, for both the `tweaked Lorenz' and Charney-Phillips grids, the spurious modeis eliminated by dis
retizing in the verti
al su
h that T is de�ned at M � 1 grid pointsif v is de�ned at M grid points. There is no inherent advantage in de�ning T at the`half-levels' instead of the `full levels'. In either 
ase the temperature in one of the layersis determined by an extrapolation or interpolation of the temperature of the other layers.Of 
ourse, there may be other reasons for preferring the Charney-Phillips grid besideseliminating the spurious 
omputational mode. For the arguments in favour see Arakawaand Konor (1996) and the referen
es therein.3. The `tweaked Lorenz' grid and transparent boundary 
onditions.3.1 Derivation of transparent boundary 
onditionsIn the absen
e of orography transparent boundary 
onditions 
an be derived by �rstmultiplying eq. (2.4.11) by �
 to getdGmdt + (�
��D)m = 0; m = 1;M: (3:1:1)Assume there exists a matrix E whi
h diagonalizes �
�� :E�1�
��E = C2; (3:1:2)where the diagonal matrix has been written as C2. The diagonal elements are de�ned asCm;m = 
m. By using eq. (3.1.2), equations (3.1.1), (2.2.1) and (2.2.2) 
an be re-writtenas d(E�1G)mdt + 
2m(E�1D)m = 0; (3:1:3)d(E�1u)mdt + �(E�1G)m�x � f(E�1v)m = 0; (3:1:4)d(E�1v)mdt + �(E�1G)m�y + f(E�1u)m = 0; (3:1:5)10



For ea
h m = 1;M eqs. (3.1.3)-(3.1.5) with �=�y = 0 are formally identi
al to eqs.(79)-(81) of M06. Thus, the method of 
onstru
ting transparent boundary 
onditionsdes
ribed in M06 is exa
tly what is required for the �-model without further elaboration.On
e the boundary 
onditions for G, u, and v have been derived those for T and lnpsfollow from eqs. (2.4.9) and (2.4.6), respe
tively.Contrast this with the Lorenz grid. On it, deriving the transparent boundary 
on-ditions for G, u, and v follows exa
tly the same pro
edure. The insuperable diÆ
ulty isthat it is not possible to extra
t a 
orresponding T and lnps be
ause eq. (2.2.10) is notinvertible. Hen
e the ne
essity of the `tweaked Lorenz' grid.3.2 Is there a best 
hoi
e of K?In this se
tion a two-dimensional version (�=�y = 0) of eqs. (2.2.1), (2.2.2), (2.4.11),(2.4.9) and (2.4.6) is integrated with transparent boundary 
onditions with a view toaddressing the question: is there a best 
hoi
e of missing temperature level, K, for the`tweaked Lorenz' grid?Sin
e the above mentioned equations and their transparent boundary 
onditions areformally the same as those in M06, en
oding the � model involved making only minor
hanges to the model des
ribed there. For the tests dis
ussed in this se
tion the value T 0 =250K was used. For the dis
retization, �x = 10km, �t = 9.0s, � 12 = 0:001; �M+ 12 = 1:0,M = 10 and the levels are equally spa
ed; thus ��m = 0:0999. The adve
ting velo
itywas 
hosen to be u0 = 25ms�1. In se
tion 3.4 of M06 extensive tests were performedto estimate the transparen
y of the boundary 
onditions. I have repeated the equivalenttests and for the � model with K = 5 and the errors were the same size as those des
ribedin M06.It was shown in M06 the greatest re
e
tion at the boundary is to be expe
ted forthe f10g�-wave. (The re
e
tion is proportional to �u=
m and 
10 is the smallest of thegravity wave speeds). Looking at table 2 one 
on
ludes that the 
hoi
e K = 8 would givethe least re
e
tion. To 
on�rm this the f10g+-wave exiting experiment (test 3 in se
tion3 of M06) was performed for the � model with K = 2; 5; and 8. The result was that the11




hoi
e K = 8 gave the least re
e
tive boundary and K = 2 the most re
e
tive boundary.This indi
ates a pro
edure for 
hoosing K when using the `tweaked Lorenz' grid: thatasso
iated with the largest value of 
M , be
ause it provides the most transparent boundary
ondition.4. The `tweaked Lorenz' grid and the HIRLAM dynami
s.This se
tions addresses two questions: (a) Is it diÆ
ult to re-program the HIRLAMdynami
s on the `tweaked Lorenz' grid, and (b) is the fore
ast degraded as a result?4.1 Program 
hangesHow diÆ
ult is it to re-program the HIRLAM model on the `tweaked Lorenz' grid?The answer is: simple, be
ause the only 
hange to the equations is that eq. (2.24) of theHIRLAM5-5 do
umentation, Und�en et al., 2002, (HIRDOC) be
omes�k = �s +Rd NXj=k+1(T v�lnp)j +Rd(�T v)k; (4:1:1)and, by impli
ation, HIRDOC eq. (2.20) be
omesGk = �s +Rd NXj=k+1(T�lnpr)j +Rd(�rT )k +RdT 0lnps; (4:1:2)whi
h 
auses the following 
hanges to HIRDOC eqs. (2.21) and (2.22):Gn+1 + ��t+2 ��
�D +RdT 0�:D�n+1 = H; (4:1:3)where H = �s + 
AT +RdT 0Ap: (4:1:4)(There is a typographi
al error in HIRDOC eq. (2.22)).In all of these equations the `overline' is de�ned by eq. (2.4.5). Thus only a fewlines of 
ode in the following subroutines need be 
hanged. (a) The de�nition of M inIMPINI must be 
hanged to a

ommodate eq. (4.1.3). In SLDYN, the 
omputation of��G must be 
hanged to use T instead of T to a

ommodate eqs. (4.1.1) and (4.1.2).Similarly forG in SLDYNM. In SLEXPA, the 
omputation ofH must be 
hanged so that12



it uses AT instead of AT to a

ommodate eq. (4.1.4). In IMPADJ, the 
omputation of�D must be 
hanged to a 
omputation of �D to a

ommodate eq. (4.1.3).4.2 Impa
t on a fore
ast.Integrations were performed on a 0:1Æ � 0:1Æ horizontal grid. In the verti
al theHIRLAM `referen
e' 31 hybrid level were used. The time step was 240 se
onds. Thereferen
e HIRLAM6.2.5 with the upgrades to the semi-Lagrangian des
ribed in M
Donald(2002) was used. The Norwegian area was 
hosen. See �g. 3, whi
h shows the startinganalysis of sea level pressure over the integration area.Two 24h fore
asts were run. (a) A referen
e fore
ast. (b) A repeat fore
ast using the`tweaked Lorenz' grid. The level K was 
hosen to be 18, approximately the 500hpa level.This is well removed from the surfa
e and the tropopause, where the �elds are likely tobe varying rapidly in the verti
al. The out
ome was that the latter was just as a

urateas the former. See �gs. 4 and 5, whi
h show the wind and temperature errors at the 31model levels after 24h. These are the root mean square errors as measured against theECMWF validating analysis. As 
an be seen, swit
hing to the new verti
al distributionof the �elds does not 
ause any deterioration of fore
ast a

ura
y.5. Verti
al two grid noise.The ba
kground to this se
tion is that there was some eviden
e from FMI of verti
altwo grid noise in the upper atmosphere in HIRLAM6.2.5. The `tweaked Lorenz' grid gaverise to the possibility of addressing that problem (see se
. 5.1 below), as did another ideadis
ussed in se
. 5.3 below. Be
ause in subsequent versions of HIRLAM two grid noisein the upper atmosphere 
eased to be a problem, work on these ideas was terminated.However, sin
e it is part of the HIRLAMA work plan to address the issue of verti
al twogrid noise, it may be interesting to resurre
t these two ideas in the future, and 
omparethem with other methods of addressing this noise.5.1 Verti
al two grid noise and the spurious mode13



In the HIRLAM, and other semi-impli
it models whi
h use relaxation boundary
onditions, it is interesting that the dynami
al equations 
an be solved without invertingeq. (2.2.10). Is there then, any reason to to worry about the spurious mode asso
iated withthe Lorenz grid or 
an we disregard it as merely a mathemati
al 
uriosity? Unfortunately,there is, be
ause it 
an support a verti
al two grid wave, whi
h be
omes `noise' if itattains a large amplitude. This was dis
ussed by Hollingsworth (1995). He pointed outthat there is a solution to eq. (2.3.12) for whi
h T̂ has two-grid stru
ture in the verti
aleven when Ĝ is smooth in the verti
al. The 
ulprit is 
�1 . For example, with tenequally spa
ed � levels and with �T = 0, the row sums of 
�1I equals (-0.0035,+0.0105,-0.0174,+0.0244,-0.0314,+0.0383,-0.0453, +0.0523,-0.0592,+0.0662). Thus, for example,a G whi
h is 
onstant in the verti
al gives rise to a T whi
h has two grid stru
ture.The danger is that in the full non-linear system of equations, orographi
 for
ing, orthe 
ondensation s
heme, for instan
e, might ex
ite and amplify this spurious solution,making it a possible 
arrier of noise whi
h has verti
al two grid stru
ture. (For the`tweaked Lorenz' grid with K = 5, the row sums of �
�1I equals 3 � 10�9 or less form = 1; 10; m 6= 5, in marked 
ontrast to the non-zero os
illating values listed for 
�1Iabove).5.2 An additional sour
e of verti
al noiseIt is important to emphasise that there are other solutions to these systems of linearequations whi
h have two grid stru
ture in the verti
al. In fa
t, those asso
iated with 
Mare predominantly so; see �g. 2. Thus, eliminating the spurious mode does not ex
ludeall possible verti
al two grid stru
tures from these systems of equations.All of the higher modes are badly distorted by the verti
al dis
retization. For in-stan
e, this is true of eigenve
tors asso
iated with 
4 to 
10 in
lusive for the 10 level �model with equally spa
ed levels; see �gs. 1 and 2. This inspires the following idea. Whynot `kill' all (and not just two-grid) the verti
al short wavelength waves? They are so in-a

urate that they 
an only be generating noise in the upper levels of the atmosphere. Ina semi-impli
it integration there is an ideal way to this and save CPU: instead of solvingHelmholtz equation for (E�1D)m for m =M;M � 1;M � 2:::::, put them equal to zero.14



5.3 TestingIn this se
tion is addressed the question: for how many levels 
an (E�1D)m be putto zero without 
ompromising the a

ura
y of an integration? The integrations were againperformed on same area and with the same data des
ribed in se
. 4.2.Four 24h fore
asts were run. (a) A referen
e fore
ast. (b) A fore
ast with (E�1D)mset to zero for m = 27; 31 prior to transforming ba
k to the physi
al values of D. (
) Thesame as (b), but with m = 22; 31. (d) The same as (b), but with m = 17; 31. Thus, forinstan
e, in fore
ast (d) the Helmholtz equation was only being solved for 16 of the 31modes. The out
ome is displayed in �gs. 6 and 7, whi
h show the wind and temperatureerrors at the 31 model levels. These are the root mean square errors as measured againstthe ECMWF validating analysis. As 
an be seen, even deleting 10 of the (E�1D)m hasessentially no impa
t on the fore
ast errors. (Deleting 15 is a `bridge too far').6. Con
lusionThe motivation for this work was twofold. Primarily, designing transparent bound-ary 
onditions on the Lorenz grid proved to be impossible. Thus, an alternative verti
aldistribution of the �elds was needed. Se
ondarily that there was eviden
e for two gridverti
al noise in some HIRLAM6.2.5 fore
asts, in parti
ular as the number of verti
allevels was in
reased, and I was asked to look for a solution to this problem. The spurious
omputational mode 
hara
teristi
 of the Lorenz (1960) grid seemed to be a 
andidatefor 
ausing this noise, parti
ularly be
ause `the in
rease in verti
al resolution tends toin
rease the amplitude of the 
omputational mode' - Arakawa (1988). In later versionsof HIRLAM the eviden
e for two grid verti
al noise disappeared. If it re-appears we 
anresurre
t the ideas dis
ussed here. Of 
ourse, the spurious 
omputational mode is alsorelevant to those interested in initialization, 4dvar, and transparent boundary 
onditions.A
knowledgment. Thanks to Isabel Martinez Mar
o and Jeanette Onvlee for their
areful reading of the manus
ript and useful suggestion for the improvement thereof.REFERENCES15
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Lorenz � grid Charney � Phillips� grid_� 12 ; � 12 ������������ ������������G1; u1; v1 T1_� 32 ; � 32 ������������ T 32 ������������G2; u2; v2 T2_� 52 ; � 52 ������������ T 52 ������������
_�m� 32 ; �m� 32 ������������ Tm� 32 ������������Gm�1; um�1; vm�1 Tm�1_�m� 12 ; �m� 12 ������������ Tm� 12 ������������Gm; um; vm Tm_�m+ 12 ; �m+ 12 ������������ Tm+ 12 ������������
_�M� 32 ; �M� 32 ������������ TM� 32 ������������GM�1; uM�1; vM�1 TM�1_�M� 12 ; �M� 12 ������������ TM� 12 ������������GM�1; uM ; vM TM_�M+ 12 ; �M+ 12 ������������ ������������TABLE 1. The distribution of the �elds over the verti
al levels for, on the left, the Lorenzgrid, and on the right, the Charney-Phillips grid.

18



Figure 1: The eigenve
tor asso
iated with 
4 plotted with `triangles' for 80 equally separated� levels, and with `pluses' for 10 equally separated � levels on the Lorenz grid, and with`exes' for 10 equally separated � levels on the `tweaked Lorenz' grid using K = 8.

Figure 2: Same as Fig. 1, but for the eigenve
tor asso
iated with 
10.19



Figure 3: The starting analysis of sea level pressure.20



Figure 4: The root mean square wind errors as measured against the validating ECMWFanalysis. The `triangles' display the errors for the referen
e fore
ast; the `pluses' those forthe fore
ast using the `tweaked Lorenz' grid.

Figure 5: The same as Fig. 4, ex
ept for temperature rather than wind.21



Figure 6: The root mean square wind errors as measured against the validating ECMWFanalysis. The `triangles' display the errors for the referen
e fore
ast(a); the `pluses' thosefor fore
ast(b), (5 D-modes deleted); the `exes' those for fore
ast(
), (10 D-modes deleted);the `squares' those for fore
ast(d), (15 D-modes deleted).

Figure 7: The same as Fig. 6, ex
ept for temperature rather than wind.22


